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The problem of synthesizing the optimal control of the finite state of a linear stochastic
aystem is considered. The problem reduces to the solution of Bellman's functional equa-
tions. Bellman’s equations are solved with reference to the problem of guidance toward a
specified phase point.

1. Statement of the problem. Let us consider the controlled system described by the

equations
W L Aamy=BW/O) fO=w®+q@) a.n

Here y is the n-vector of the phase coordinates ¥;; A = {ay;} and B = {b;,} are
certain matrices of dimensions n X n and n X s, respectively, w is the s-vector function of
Markov-type random perturbations and g is the g-vector of the discrete controlling signals
Y-

The control is understood to be discrete in the sense that the magnitudes of the con-
trolling signals over the given correction intervals [t ¢ ,1) are determined at the initial
instant f; (i = 1, ..., v) ofthe interval.

The association of the variable quantity with the instant ¢, will be denoted by the super-
script i.

It is assumed that the system (1.1) is completely controllable [1 and 2], that the phase
coordinates y; are measurable, and that the a priori distribution of perturbations wy, is
known.

Our problem is to determine on the basis of information about the instantaneous
values of the phase coordinate vector y () a control ¢ = ¢ (y) which, by the specified

instant ¢, ,, brings the system (1.1) from the state y (Z;) = y' to some state
y (¢ L+ 1) = yv+ ! under the condition of minimization of the mathematical expectation of

the prescribed positive function w (y¥*1). Thus, our task is that of finding the control

which minimizes the functional

1074



Optimal discrete correction of motion of stochastic systems 1075

I = (o (y™1)) (1.2)

The angle brackets here denote the mathematical expectation.

Formulated this way, our problem is related to that of the analytical construction of
a regulator [3]. The stochastic aspect of the problem has been dealt with in several papers,
of which [4] and [5] may be noted here.

2. Discretization of the process. Within the time interval under consideration, the
general solution of system (1.1) is of the form

i

gy =N )y + VN )B@f(R)dr (2.1)

t;

Here N (1,1) =Y ) Y1 (¢) is the matrix function of the weight of system (1.1),
Y is the fundamental matrix of the homogeneous equation of (1.1) normalized for ¢ = ¢, and
Y~ ! is the inverse matrix.

Let us suppose that weknow the points yi = (yli, .oy yni) and yi'*l .
(yi“, c e y,ilﬂ), through which the phase trajectory (2.1) in one of the actual realiza-
tions passes atthe instants ¢; and iy respectively, representing the end points of the
i-th correction interval.

On the basis of (2.1), let us express the vector of the final state of system (1.1) as a
function of yi and yi+ !, We obtain

tyi
= N (s )Y+ § N (b, DB@f(D)d @2
£
tv+1
Y= Nty i)Y' + S N (tyu, ©) B(v) f (V) d7
tia (2.3)
Subtracting (2.3) from (2.2) we find, that
N N (tosr, tisa) yHr1=N (Bvi1r 3) .’/i -+
¢ (2.4)

+ S Nt D [B@w@ + N Bima@]dc (=1, ..
5 k=1

Here Bk is the k-th column vector of the matrix B. Further, we introduce the vectors

fot (2.5)
m“l = N (tv+17 tHI) yi-}l + S N (tV+11 T) <w (T)> dT (i = 0’ T ’V)
tig1

N (ty1, ©) B (1) g (T) dt

tirg tin
& = \ Nt ©) B(¥) [w(v) — w (V)>] d7, Q¥
t.
)

G=1, ..., v k=1, ..., 9 (2.6)
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Here (W) = ({wy)y + + {Ws>) is the mathematical expectation of the random
vector function w.
By means of the vectors and relation (2.4) the finite state control process can be re-

presented as a Markov chain by virtue of the discreteness of the controlling signals.

In fact, substituting (2.4) into {2.5) and teking into account Expression (2.6}, we
obtain

8
m’i+1 —_ rni + Bt + kgl Qk{ (i =1, ..., V) 2.7)

which defines (since y**1 == mv*1) v, i.e. the stepwise process of variation of the

finite state as determined by the random vectors g' and by the controlling signals
i
Q' (an)-

By virtue of the random character of the vectors Si transformation (2.7} associates
with specific values of m* and Qk some set of random realizations of the vector mitl,
The law of distribution of this set, apart from the values of the vectors m* and Qk , de~
pends on the distribution of the random vector e

3. Bellman's equations. In order to determine the optimal control for system {1.1) we
turn to the method of dynamic programming [6]. Here we assume that the controlling

signals g; belong to the class of functions for which the relation
(3.1

tiyy
Q' = S N (ty1, 7) By (v) g (v) d7 = Hyluw! (=10 k=19

i

is fulfilled.
Here Hi ; isa certain vector which is mdependent of g, and “k are the control para-
meters constituting the vector &' = (4%, . . ., %)

With consideration of (3.1), relation (2.7) becomes
8
m.”1 — mi + Ei + 2 Hk‘uki (i — '1, .y ‘V) (3‘2)
k=1

Since y¥*1 = m'*l, the problem of synthesizing the optimal control of system (1.1}
consists in finding the sequence of vector functions ut = o (m’) t=1,..., v),
which optimizes Markov process (3.2) in the sense of minimization of criterion (1.2).

Following the method of dynamic programming, we introduce the notation

Qy (mf) = min,i I = mingi <o (y"*1)) (k=1,...,v j=v+1—k)
Here Qj (mJ) is the minimum value of the criterion in a process consisting of &
steps and beginning with the state ml. Minimization is effected with respect to the vector
controls u! = u' (m‘), and the mathematical expectation is computed from the set of

random vectors g* (i = j, . . -» V)-
Finding the optimal control then reduces to the solution of Bellman’s functional

Qx (M) and Q4 (m”“). For the process under consideration, Bellman’s equations are
of the form
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(3.3

Q; (m¥) = miny <o (M1 (m*)), Q; (M%) = minyi (Qy-y (M1 (mh))>
k=2, ..., v, [=v+1—k)

Here the transformation m'*! = m“l(mj) is defined in accordance with (3.2).

4. The problem of guidance towards the origin. Let us consider the solution of Equations
(3.3) with reference to the problem of optimally precise guidance of system(1.1) towards the
origin. As the measure of closeness of the end point of the phase trajectoty of motion (1.1)
to the origin of the coordinate system we take the function © = (y**1)%, Equations (3.3)

can then be written as
(4.1

Q, (m*) = mings (MY (m)),  Q (mf) = minyi (Qyy (I (mH))
(k=2,...,v, J=v+1—k)

Let us tam to the first equation of system (4.1). Expressing m>*1 in terms of m”

in accordance with transformation (3.2), we find that
8
Q, (m*) = miny <(m" +e+ 2 H a°ua”)2> (4.2)
a=1

Bearing in mind that &' is a vector of random centered quantities, upon transformation
of the right-hand side of (4.2) we obtain

8 2
Q; (m) = ming (m* + X Hlua) + (&) 4.3)
a=1

The problem of finding the minimum with respect to UY — (ul", .y u“') in {4.3)
reduces to the solution of the system of linear equations

(H1V -H) uy” + (Hy - H) uy' 4 - -+ (Hy - H,') Uy =-—m’- Hy’

(Hy - Hy'yu,” + (sz - Hy') up’ + - + (Hy' - Hy') usv =—m’ . Hy’ (4.4)
(H, -H)w' + H -H)u,' + - + (Hy - HYu' =—m’ - H,'

Here and below the dot is used to denote the scalar multiplication of vectors.

The solution of system (4.4) determines the optimal control 4°” in the final step of

the final step of the correction process,

8 A"
ur=— R e Hy) @=t9 4.5
=1

Here A5 is the algebraic complement of the element (Hg* H,*) of the determinant
AY == 0 of system (4.4).

Substituting (4.5) into (4.3), we find the minimum value of the optimality criterion in a
one-step process,

Q, (m*) = (m B ADY

a=1 B==1

Ava v :
£ (m - HE')) o+ (@) (4.6)

We shall show by induction that the sequence of optimal controls 4%/ in the v -step
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process as determined by the solution of Equations (4.1) is formed in accordance with
the law

) Al ) .
Uy’ = ~ Z B‘f (mJ.RﬁJ) J=1,...,v; a=1, ..., s} (4.7

while the minimum value of the criterion is

Q, <m1>~(m*-—2 > \“ B2 (. Ra‘ﬂ +<}_ ()2

=1 a=1 ra=l

; (4.8
A:dettrﬁat.—,‘:o, rBa:R{% 'Ra {i;,f,,,_, Vi oc,B::i,...,s)
Here A ! s the algebraic complement of the term rﬁi in the determinant A’,
The vectors R" are given by the recurrent relation
(4.9)
v _ v Voo § — ”1 o > - .
I, —Ha,a{?a T e vj—zz [{Y”" Z 8\’ (}IVJ Rﬁv—x)
W) Y=} p=1
<i=1, ceey V=1
a=1,..., s

The random vectors " are formed with the aid of a relation analogous in structure to
(4.9),

=1 s

s ,
o - A
V=g, PI=ed= X RN B Y a0
A=)y 3=1 A
(=1, ..., v—1)

Lemma 4.1. Recurrent relation (4.9), where H; are arbitrary vectors of the n-dimensional
Euclidean space generates the set of vectors R ! (i=1,...,v;aq = 1,...,9),

in which all the vectors with different superscripts are pairwise orthogonal.
Proof. We must show that

RYSRTY == 0 (=1 ,v—L yg=0,,2—1 a, e=1,..,8 (411

The validity of (4.11) for x = 1 directly verifiable. The proof of identities (4.11) for
any x can be carried out by induction. We shall show that if Equations (4.11) are valid
for x=1, ..., k, then they are also valid for x =% + 1.

In accordance with (4.9), for the scalar product of the vectors R ;’”‘"" U and R -y

we have

{4.12)
k § v 4
R’ (k+1). R = ”u«»(};-ﬂ) RV §1 \1 (R**. R y) Y‘ 1 (,[, )
== M—l B 1t

Under our assumption as regards the validity of (4.11) for x = 1, ..., &, relation (4.12)
becomes

38 3 v y 1.} 1
- v— (k1)
Ry OS0L g =y R"J~{ REY D f*\, e } T (4.13)

Ba=l e
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Since, in accordance with the properties of the algebraic complements of the deter-
minant,

o VA 1 B=e
2 AvY “{o (B+e)

y=1

it follows on the basis of {4.13) that we have the required expression
Ry RV =0
The induction is now complete and the lemma has been proved.
Now let us prove the validity of expressions (4.7) and (4.8) for any v.
We shall show that if a re_lation of the form (4.8) is valid for a k-step optimal process
which begins with the state m/, .then it is also valid for an optimal process consisting of
k + 1 steps. Here the control s ~, which carmies the system from the state m/~! the

state mi, must be formed in accordance with the law (4.7).

For a k-step optimal process let us have

: e < o Al C .
%) =(m— 3 3 1 DT R) +CEED e

(F=v+1—F)

Replacing ml in (4.14) by its expression in accordance with (3.2) and taking account
of (4.9) and (4.10), we obtain

re==j

8

B . v 8§ i
Q (M) = (m"l—— 2 2 R 2 Apa (mit. R) +

i=ja=l p=1 At
8 2 v (4-15)
+ R/ J1 j-1 r
3 Rt 4 ) +<§}_(w)ﬁ>

In accordance with (4.1), for the optimal control we have
Qps1 (M) = mingj-1 (Q, (ML) (4.16)

Since the mathematical expectation of the vector (ﬁi ~!1 is equal to zero, substitution
of (4.15) into (4.16) yields

Q1 (mj’l) = min,j-1 (mj‘l— 2 2 R,} 2 ij% (m-'i‘1 « Rgt) +

i=j a=1 =1

+ 2 R + X @y

Y=1 r=j-1

(4.17)

The vector control 4°/"1, which minimizes the right-hand side of (4.17), is given by
the solution of the system of equations

ey M M o i Ab
(mJ 1 g R 1) -R. 1_2. E (Rs' - R Z :i (mit. RgY) =0
=1 i=j a=1 B=1
(e=1, ..., s)



1080 Iu.P. Gus’kov

which, taking account of the orthogonality of the vector J,7-1 relative to the vectors

R;: (Lemma 4.1), becomes

Pt e gy, ot e rlsJ-1uSJ~1 m= —mil . Ry i-1
T S T e R T S
............ : (4.18)
O T I R N T BT Fot g e — it Rsa‘vl
Setting A7 == 0, and solving system (4.18), we find that
8 1;’
oi v A -1 - 4,19
WO e XS L R (=) (@19
=1

Comparing (4.19) with (4.7), we see that control (4.19) is an element of sequence (4.7).

By substitating (4.19) into (4.17) we find the expression for the minimum value of the

criterion in a {k + 1)-step optimal process,

Oy (i) = (w1 ) ZR‘"Z“ L i k) +< 3 and

dmm el @==1 r=j-1

which is analogous in form to (4.14).

Since the validity of formulas (4.14) and (4.19) for & = 1 has been demonstrated (see
(4.5) and (4.6)), by induction they are also valid for any %, including & = . Thus, the
validity of expressions (4.7) and (4.8) has been proved.

3. A special case. For mechanical systems, the dimensionality n of the phase co-
ordinate space is double the dimensionality s of the force vector space. In this important
special case, the following theorem is valid.

Theorem 5.1. If n = 25 and if the vectors Hl"“l, oW HYY, and Hl", . f]s“‘
corresponding to two last correction intervals I.t\,-l, t,) and [f,, t,,), are linearly '
independent, then the minimum value of the criterion [ == {(y*+1)2) is independent of
the course of the process within the interval [7,, to-1).

Proof. For H{™, ..., H'™, and #,°. ..., H", which are linearly independent,
recurrent relation (4.9) generates n linearly independent vectors B,"%,...,R’!, and
RY,....RS, forming the basis of the n-dimensional vector space Ré. . Since, by
L.emma 4.1, the vectors Ra"' (x==1,...,55i=1....,v — 2)areorthogonsal to the basis
vectors, they can only be null vectors. Because of this, at the instants 1. . . .\f, ,
system (4.18) defining the optimal control degenerates into the vector equation

Oui = (=1, .. v— 2

which is fulfilled for any ub.

Hence, the minimum value of the criterion / is independent of the course of the
process in the interval [y, #, ;). The theorem has been proved.

Let us find the expression for the minimum value of the optimality criterion in the

case at hand.
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Since Re'! =0 (a=1,...,8i= 1, ..., v — 2), relation (4.8), taking
account of (4.10), becomes
(5.1
. -1 . ‘4‘2_11 v—-1
Qv(ml)zminulz[m‘— SR, gz A-;_l R A
a=1] =1

s v 2 2

~3IRY B gt Ry)| 4 (@R + (e — _IR Z B (@t Ry))

a=1 8=1 =

It is easy to show that the coefficients of the basis vectors R,*"1, ... R,1,

Ry, ... R in the square bracket in the right-hand side of (5.1) are the coordinates

of the n-vector m?! relative to the indicated basis.

Hence, for the minimum value of the criterion we obtain

min, T = (@) + (o — ZH 2 L o) >
=1

In conclusion, the author should like to thank A.M. Letov for discussing the present

paper.

2.

BIBLIOGRAPHY

Kalman, R.E. Ob obshchei teorii sistem upravleniia. (On the general theory of control
systems). In the collection Trudy 1-go kongressa IFAK, (Proceedings of the 1st
Congress of the International Federation of Automatic Control), Vol. 1, Izd-vo

Akad. Nauk SSSR, 1961.

Krasovskii, N.N., Ob obshchei zadache presledovaniia, (On the general problem of
pursuit) PMM, Vol. 26, No. 2, 1962.

. Letov, AM., Analiticheskoe konstruirovanie reguliatori v, {Analytical design of

regulators), Parts I-V. Avtomatika i telemekhanika, Vol. 21, Nos. 4-6, 1960 ;
Vol. 22, No. 4, 1961; Vol. 23, No. 11, 1962.

Krasovskii, N.N. and Lidskii, E.A., Analiticheskoe konstruirovanie reguliatorov v
stokhasticheskikh sistemakh pri ogranicheniiakh na skorost’ izmeneniia apravliainshchego
vozdeistviia (Analytical design of regulators in stochastic systems with limitations
imposed on the rate of change of the controlling signal). PMM Vol. 25, No. 3, 1961.

Ponomarev, V.M., O sinteze optimal’noi sistemy upravleniia (On the synthesis of an
optimal control system). Izv. Akad. Nauk SSSR, Tekhnicheskaia kibernetika, No. 5,
1963.

Bellman, R., Protsessy regulirovaniia s adaptatsiei (Control processes with adaptation).
Izd«vo *Nauka’, 1964,

Translated by A.Y.



